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KREIN'S STRINGS WHOSE SPECTRAL FUNCTIONS ARE OF 
POLYNOMIAL GROWTH 

S.KOTANI 



Abstract. In the case of Krein's strings with spectral functions of polynomial 
growth a necessary and sufficient condition for the Krein's correspondence to 
be continuous is given. 
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Q-e 1. Introduction 



Let M. be the totality of non-decreasing, right continuous functions on [0, oo) 
^£\ . satisfying 

m(0— ) = 0, mix) < oo, 

and set 

I = inf {x > 0; m(x) — oo} , 

a = inf {x > 0; m(x) > 0} . 
For 7?i G M denote ip\ (x) , 4>\ (%) the solutions to 



tp x (x) = l-X (x-y)cp\(y)dm(y), 



ipx (x)=x-X [x-y)ip\ (y) dm(y), 
Jo 



\& • and define 

f — ' h (A) = lim -— = I (fix ( x ) d- x - 

vq : *-* v\ (x) Jo 

■ ' ■ Then it is known that there exists a unique measure a on [0, oo) satisfying 

O ■ f°° l 

h(X)=a + J^ 7— ^M6, 

and conversely, h determines m uniquely. Conventionally it is understood that for 
m£M taking oo identically on [0, oo) the h vanishing identically corresponds, and 
for m G M vanishing identically on [0, oo) the h taking identically oo corresponds. 
This is the theorem obtained by Krein[8] and m is called Krein's (regular) string. 
Later Kasahara|l; established the continuity for the correspondence and applied it 
to show limit theorems for ID diffusion processes with m their speed measures. Re- 
cently KotaniJT] extended Kasahara's result to a certain kind of singular strings m, 
namely to m which is a non-decreasing and right continuous function on (— oo, oo) 
satisfying 

m(— oo) = 0, m(x) < oo, 
and 

(1.1) / x dm{x) < oo 
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2 S.KOTANI 

for some a. When the condition (jl.lj) is satisfied, the boundary — oo is called as 
the limit circle type for the associated generalized second order differential operator 
d 2 J dmdx. In this case he introduced a new h by 

which satisfies 

f l d _ 2 

h (A) = / — ip x (x) dx, 

and proved the continuity of the correspondence between m and h. Probabilistic 
applications of this result were given by Kasahara-Watanabe[5J [3] and it was inter- 
preted from the point of view of the excursion theory by Yano[9 . In this article we 
consider m satisfying a milder condition than (|1.1[) . namely 

\x\ dm(x) < oo, 

and obtain the continuity result under additional conditions on m, which allows 
any power growth of the spectral measures at oo. 

2. Preliminaries 

Let m(x) be a non-decreasing and right continuous function on (—00, 00) satis- 
fying 

m(— 00) = 0, to(oo) < 00. 
Set 

I = sup {x > —00, m(x) < +00} , l + = supsuppdm, I- = inf suppdm. 
Note m(l) = 00 if I < cxd. Assume 



(2.1) / \x\dm(x) < co 

J — 00 

with some a £ (i_, /+). Let f be the totality of non-decreasing functions 777 satisfy- 
ing (I2.1[) . We exclude m vanishing identically on (—00, 00) from £. One can regard 
dm as a distribution of weight and in this case m works as a string. On the other 
hand, one can associate a generalized diffusion process with generator L 

_d_d_ 

dm dx 
if we impose a suitable boundary condition if necessary. The condition (|2.ip is 
called as entrance condition in ID diffusion theory developed by W. Feller, so we 
call m satisfying (|2.1[) a string of entrance type. For an entrance type m, it is easy 
to show that for A £ C an integral equation 

ip(x) = 1 - A / (x - y)tp(y)dm(y) 

J —oo 

has a unique solution, which is denoted by ip\(x). Introduce a subspace 

Ll(dm) = {/ £ L 2 (dm); supp/ £ (-00, 0} , 
and for / £ L^(dm) define a generalized Fourier transform by 

/(A) = / f(x)tp x (x)dm(x). 
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Krein's spectral theory implies there exists a measure a on [0, oo) satisfying 
\f(x)\ 2 dm(x) = / /(0 da(0 for any / g ^(dm). 

-oo JO 

it is called a spectral measure for the string m. The non-uniqueness of such a occurs 
if and only if 

(2.3) l+ + m(l + ) <oo. 

The number I (> l + ) possesses its meaning only when (|2.3|) is satisfied, and in this 
case there exists a a satisfying (|2.2p with the boundary condition 

f(l + ) + (l-l + )f+(l + )=0 

at l + . Here / + is the derivative from the right hand side. If I — oo, this should be 
interpreted as 

/+(/+) = o. 

At the left boundary l_ no boundary condition is necessary if Z_ = — oo, and if 
/_ > — oo we impose the reflective boundary condition, namely 

/ _ (Z_) = the derivative from left. 

Generally, for a string m of entrance type it is known that for A < there exists 
uniquely / such that 

-Lf = Xf, />0, /+<0, f(l-) = Q 

f(.x)<p$(x)-f+(x)<px(x) = l 

This unique / is denoted by f\ and contains information of the boundary condition 
we are imposing on —L at the right boundary Z + , and f\ can be represented by <p\ 

as 

(2-4) M^^W/'A. 

The right side integral is always convergent for A < 0, because if suppdm ^ </>, then 
choosing a G suppdm, we see for x > a 

<P\{x) > 1 — X (x — y) dm(y) > 1 — A / (x — y) dm(y) > 1 — A (x — a) m(a), 

J — oo J — oo 

hence 

dy , f l dy 

< / TT < OO 



fxiy) 2 Jx (1-X(y- a) m(o)) 
for x > a. If suppdm = (f>, then / < oo and 

which implies 

, . f 1 for i<( 
^ (X H oo for x>l ' 



and 



/ 



= Z — x < oo. 



^A(y) 2 

Here note that we have excluded m — identically on (— oo, oo) , hence / < oo. If 
m is a non-decreasing function of (|2.5[) the spectral measure vanishes identically 
on [0, oo). If m is oo identically on (— oo, oo) , the spectral function a is defined to 
be identically on [0, oo). Conversely if a spectral measure vanishes identically on 
[0, oo), then the associated string m should be of (J2.5I) . f\{x) is an entire function 
of minimal exponential type as a function of A and the zeroes of f\(x) coincide 
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with the eigenvalues of — L defined as a self-adjoint operator on L 2 (dm, (—00, a;]) 
with the Dirichlet boundary condition at x, which means that <p\(x) has simple 
zeroes on (0, 00). The Green function g\ for — L on l?(dm) is given by 

9\(x,y) =gx(y,x) = f\(y)<p\(x) 

for x < y. The relationship between a and g\ is described by an identity 

l A „oo /(O 2 



9\{x,y)f(x)f(y)dm{x)dm{y) = / — - o-(rfg) 



for any / £ L (dm), and 

9\{x,y)= I t_\ — da (0, 

through which a is determined uniquely from the string m. Distinct ms may give 
an equal <r, namely for a 6 R a new string 

ma [x) = m(x + a) 

defines the same a, because 

ipx(x) = V\(x + a), fx{x) = f\(x + a), 

hence 

poo / 1 \ 2 

gi(x,x)=<pU.x)mx)=gx{x + a,x + a)=J ^ l e _ A ; <M0- 

On the other hand 

/-°>f(x)^(x) _ f°° n (x + a) 2 , ... 

9x(x, x) = / * — da Q (0 = / t_ A dfT ° (0 ' 

hence an identity 

Oa (0 = <7 (0 

should be held. Conversely we have 

Theorem 1. (_ftTofani[5J|S]) If two strings mi and mi of £ have the same spectral 
measure a, then m\(x + c) = 7712(2;) for a c E R. 

If we hope to obtain the continuity of the correspondence between 777 and a, we 
have to keep the non-uniqueness in mind. Namely, for m of £ a sequence {777 n } n>1 
of £ defined by 

mn [x) = m (x — 77) 
converges to the trivial function as 77 — > 00. However the associated as are inde- 
pendent of 77. Therefore we shall give several alternative definitions of convergence 
by imposing certain extra conditions (related to tightness) in addition to pointwise 
convergence. Set 

/X f-X 

(x - y) dm{y) = j m(y)dy. 
-00 J —00 

Then, the condition (j2.ll) is equivalent to 

M(x) < 00 

for x < I. Using a convention 

[—00, a) = (—00, a) , (a, 00] = (a, 00) and so on, 

we can see M is a non-decreasing convex function on (— 00, 00) satisfying 

M(x) =0 on (-00, Z_], 

continuous and strictly increasing on [I—, I), 

M (x) — 00 on (I, 00) . 
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For a fixed positive number c, we assume 

(2.6) Oe(L,qandM(;)>c, 
and normalize such an m by 

(2.7) M (0) = c. 

Denote by £^ c ' the set of all elements of £ satisfying (|2.6p . (|2.7p and set 

e+ = \J £ {c \ 

oo 
In this definition of £ + among functions satisfying (j2.ll) any function m defined by 
(I2.5[) for some I < oo is excluded from £ + . Therefore, £\£+ consists of m satisfying 
(|2.5[) for some I < oo. The uniqueness of the correspondence between m and a holds 
under this normalization. Set 

S = the set of all spectral measures for strings of £. 

Any suitable characterization of S is not known yet, however, any measure on [0, oo) 
with polynomial growth at oo belongs to S. 

We prepare a basic estimate for ip\, tp\ can be represented as 



n=0 



(2.8) ^(x) = £(-A) n n Oz), 

where {<p n } n > are 

4>n{x) = I {x-y)<j) n -i{y)dm,{y), <p (x) = 1. 



Then, the convergence of the above series can be seen by 

Lemma 1. (p\ is given by an absolute convergent series (|i?.£[) and satisfies 

\<p\(x)\ <exp(|A|M(x)). 
Proof. First we show for any k > 

(2.9) M*) < ^^ 

holds. Observe 

<t>i(x) = / {x-y)dm(y) = M(x). 



Assuming (|2.9p for some k, we have 

1 f x 
0*+i(aO <y (x-v) M(y) k dm(y) 



= lij (M(y) -k{x-y) M\y)) M{yf- l M\y)dy 
<if M'{y)M{y) k dy= M{x)k " 1 



klj-n ""' "*' * (fc+1)! ' 
which proves f|2.9[) for general k. Then the estimate of tp\ is clear. □ 

Here we clarify the convergence of a sequence of monotone functions taking value 
oo. For non-negative and non-decreasing function m which may take oo, set 

2 
fh{x) = —tan - m(x), x £ R. 

n 

Then 

m (x) G [0, 1] 
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and right continuous non-decreasing function satisfying 

< to (— oo ) < to (x) < fh (I—) < m(l) = 1, 

if I < oo. A sequence of non- negative and non-decreasing functions m n is defined 
to converge to to as n — > oo if 

(2.10) fh n (x) -> m(x) 

holds at any point of continuity of fh (x) . 

Lemma 2. Suppose m n £ £ converges to m G £ as n — > oo. Then it holds that 

lim l n > I. 

n— >oc 

Proof. Let i < ( be a point of continuity for to. Then 

fh n (x) — > fh (x) < 1, 
hence 

fh n (x) < 1 

for every sufficiently large n, which implies x < l n and completes the proof. □ 

The continuity of the correspondence from £ to S is not hard to show. Let m„, m 
be strings of £ and define the convergence of m n to m by 

(A) m n (x) —j- to (x) for every point of continuity of to-. 

(B) lim supM n (i) = 

"-°°n>l 

Theorem 2. Suppose m n € £ converge to m E £. Then, for every A < the 
Green functions g^ (x, y) of the string m n converge to the Green function g\ (x, y) 
of m for any x,y < I. In particular the spectral functions o~ n (£) converge to a (£) 
at every point of continuity of a. 

Proof. Under the conditions it is easy to see that the (^—functions tp^ (x) of m n 
converge to the if— function f\{x) of m compact uniformly with respect to {x, A) G 
(— oo, l)xC from the uniform bound for ip-T' due to Lemma[TJ. Moreover, if to (a) > 
at some a, a point of continuity of to, then there exists a positive constant C such 
that 

<p{ n \y)>l-\M n (y)>l + C(y-a) 
holds for any y > a, hence 

J * v\ yy) 

also converge to f\{x). If suppm = (f>, namely m(x) — identically on (— 00,1) , 
then 



ft\*)^l 



X 



if I < oo. The case I — oo is excluded. Consequently, we have 

9 { \ ] {x,y) = ip\ n \y)fi n \x) -^ ip x {y)f\{x) = g x {x,y) 
for any y < x < I. The identity 

shows the last statement of the theorem. □ 
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3. Scales and estimates by trace 

The straight converse statement of the theorem [5] is hopeless to be true, because 
there is no characterization for a measure a on [0, oo) to be a spectral measure of 
a string m G £ . Therefore we prove the converse continuity of the correspondence 
by imposing a condition on {o~ n } . In the process of the proof we have to estimate 
ipx(x)~ 2 in terms of m. A better way to investigate tp\(x)~ 2 is to use probabilistic 
methods. Recall that for each fixed a, <p\(a) has simple zeroes {A*n}„>i which are 
eigenvalues of — L on (—00, a] with Dirichlet boundary condition at x = a. Since 
the Green function for this operator is 

a-(xVy), 

we see 

00 pa 

(3.1) J^ii- 1 = tr(-Ly x = (a - x) dm[x) = M(a) < 00. 
n=i J-°° 

Choosing a b < I, we denote by <j)\ (ip\) the solutions of 

~T-rf = A ^' with W = !' f'^ = (/(&) = 0, f'(b) = 1) respectively. 
dm ax 

Then we see an identity 

Vx (x)=^(b)cf>\(x)+v' x {b)^ x {x) 

holds. Lemma Q] implies if\(b) and <f' x (b) are entire functions of at most exponential 
type M(b) as functions of A. On the other hand, <f>\ (x) and ip\ (x) are entire 
functions of order at most 1/2 as functions of A. Therefore we know that <fix{x) is 
an entire function of minimal exponential type, which combined with (I3.1[) shows 

**(<*) = n(i-;r 

n=l V Mn ' 

For the detail refer to page 441 of [5]. Now let {X n } n>1 be independent random 
variables each of which has an exponential distribution of mean 1. Then, an identity 

-1 

= ¥>A(a) -1 

\ / / . . / 

n— 1 / n— 1 

holds. Therefore, letting < X n > be independent copies of {X n } n>1 and setting 

I J n>l — 

00 

^n = ^f n + -^n j X = 2_^ f-n ^n , 

71=1 

we have 

(3.2) ip x (a)- 2 =Eexp(\X). 

We denote X = X(a) if necessary, because the eigenvalues {Atn}„>i depends on the 
boundary a. 

Lemma 3. Suppose the spectral measure a of an m £ £ satisfies 

/•oo 

p(t) = I e~^da (£) < 00 /or any i > 0. 
Jo 

Then, for any non-negative Borel measurable function f on [0, 00) 

/l />oo 

£/(*(!))<&:= / P (t)f(t)dt 
-oo Jo 

ZioZds by permitting for the integrals to take the value 00 simultaneously. 
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Proof. From (I2.4p it follows that for any x < I and A < 

pi />oo / \2 />oo 

/ Ee xx ^dy = Ee xx ^ / ^fda (0 = / £e A ™ +t >p(*, *. *)*, 

./a; JO S — "* JO 

holds, where p(t, x, y) is the transition probability density defined by 

p(t,x,y) = e' t ^ip i (x)cp i (y)da(^), 
Jo 

hence a functional monotone class theorem shows that the identity below holds for 

any non-negative bounded continuous function / on [0, oo). 

(3.4) J E(j{X (y)) e xx ^) dy = T E (f (X (x) + t) e*W»)+*>) p(t, x, x)dt 
Since, for t > 2M(x) 

p(t, x,x)= / e-«V? {xf da (£) < / e -«'e 2 « M(a; W (£) = p (t - 2M(x)) 



>o Jo 

holds, assuming /(£) = for t < e, we see 

E (/ (X (i,)) e™) dy = ^ f (t) e xt p(t)dt 

j o 

by letting x — > — oo. Here we have used the fact 

X (x) — > asi^ — oo. 
The rest of the proof is a routine. □ 

Now we define a scale function <fi on [0, 1] as a function satisfying the following 
properties. 

(5.1) 4> is strictly increasing, convex and (/>(0) — 0, 4> (1 — ) < oo. 

(5.2) For each x > 

— <l>(xy) , 

iim < oo. 

s40 </Hy) 

(5.3) For each x e (0, 1] 

r ^(^) ^ n 
lim > 

2/40 0U/J 
The property (S.l) enables us to extend <fi linearly to [1, oo), namely 

4>(x) = 4>(l) + <f>'Q.-)(x-l) 

for x > 1. Then <j) becomes non- negative, convex and non-decreasing function on 
[0,oo). Throughout the paper <fi is always extended to [l,oo) linearly in this way. 
A regularly varying function at satisfies the condition (S.2), (S.3). Set 

n ( \ $ (XV) , n t \ ■ f $ ( x y) ^ n 

C+{x) = sup < oo, C-(x) = mi > 0. 

i/>o <P(y) 2/6(04] 0(y) 

Then C+ becomes non-negative, convex and non-decreasing on [0, oo). It satisfies 
the submultiplicative property 

C + {xy)<C + (x)C+{y) 

for any x,y > 0, hence, setting 

a + = sup G 10, oo) 

we see 

C+(x) <x a + 
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holds for any x > e. a+ should be not less than 1 due to the convexity of C+. Since 

4>{xy)<C+{x)4>{y) 
holds for any x, y > 0, we have 

for any x € [0, 1/e] . Therefore the property (S.2) restricts not to decay faster 
than with a power order. 

(3.5) 4>{xy)<C + {x)<t>{y) 

C- satisfies 

C-(xy) > C-(x)C-{y) 
for any x, y 6 [0, 1] . Typical examples for functions satisfying (S.1)~(S.3) are 

4>{x)=x a 1 x a {c — logx), 

where a > 1 and c is a sufficiently large positive constant. 

Lemma 4. Let {Y n } n>1 be a sequence of identically distributed non-negative ran- 
dom variables with mean fi. and {A n } n>1 be a non-negative sequence satisfying 

oo 

y^ a„ < oo, 

n=l 

and set 

oo 
X = 2_^i ^nX n . 
n=l 
Then, we have 

(1) 7/0 satisfies (5.1), i/ien 

</>(.EX) <E<f>(X). 

(2) 7/0 safe/ies (5.1), (5.2), tfien 

£0(X)< ^C+f^^EX). 

Proof. Jensen's inequality implies the inequality in (1). To show the second in- 
equality we set 



m n = m 1 \ n , m — ^ A fc 



fe=l 
Then (|3.5I) implies 



V \ / °° V 

n=l " / \n=l 



(X) = I m/i J^ TO„ — J < (j) ( to m) C+ ( X! 
Since the function C+ is convex, we have 



and 



<t"'#f>" Ct ©' 



Ecp {X) < (j) {m/i) JT to„£C+ ( — J = (J5JC) £C*+ ( — 



□ 
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Let X be the same as was defined in (13.21) and set 



(',, EC . ( — J = J te- t C+ (t/2)dt < oo. 



Lemma 5. We have 

(1) If (f> satisfies {S.l), then 

E (0 (X) e xx ) > if X (ay 2 (j p x {xf dm (x) J V x ( y y 2 dy) . 

(2) !/</> satisfies (S.1),(S.2), then 

E (<f> {X) e xx ) < C^ x {ay 2 (j> (J ^x {xf dm {x) J V x {y)~ 2 dy\ . 

Proof. For a fixed A < let Z be a non-negative random variable satisfying 

Ee» z = y x+li {ay 2 Vx {af = J[ ( 1 - — ^-r 

Then, note an identity 

(3.6) E( ( j ) {X)e xx )^i P x{a)- 2 E{^{Z)), 

which can be shown from the observation 

-^ipx {ay 2 = ipx {a)' 2 jp (ifx+n {a)' 2 ifx (a) 2 ) 

for any k > 0, because this implies the identity when </> (x) — x k . To apply Lemma 
[4] to Z we need to compute -EZ. If we denote the Green operator for L on (— oo, a] 
with Dirichlet boundary condition at a by G x , then 

Gx {x, y) = </?a (y) Va (*) / (fix {zy 2 dz for x > y 



p,=0 



hence 

~ 1 r 2 r -2 

-EZ = 2_^ — r = *i'Ga = / <P\ (x) dm (x) / <p x {y) dy 

1 = 1 M J -oo Jx 

holds, and we have the inequalities in the statement. D 

The right side of the inequalities in Lemma [S] can be estimated further. 
Lemma 6. For A < the following inequalities are valid. 

/•a pa 

(1) / ifx{x) 2 dm{x) I ipx{yy 2 dy > M{a)tp x {ay 2 



(2) ^ ^ {xf dm (x) J\x {yy 2 dy < M{a) A f log ^ 

Proof. The inequality (1) and the first inequality of (2) follow from the monotonicity 
of (p x {z), namely we have 

(px (y)^ 2 dy > (fix (a)' 2 (a - x) , I fix (y)~ 2 dy < fix {x)~ 2 (a - x) , 

J X 

which implies 

pa pa 

n / n n / o 

ifx {x) dm{x) I ipx{y) dy>ipx{a) / (a - x) dm (x) = (f X (a) M{a), 



and 



ip x (x) dm {x) / ip x (y) dy < I {a — x) dm{x) = M{a). 



ra, ,j 



<p' x (yj 2 dy I <p x (z)- 2 dz+ I ^\dy. 

Jy J-oo <P\ (y) 
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The second inequality of (2) follows by using the equation satisfied by (p\ (x) 

d<p'\(y) = -\v\{y)dm(y), 
which yields 

- A / ip x (y) dm (y) / ip x (z) dz 

oc J y 

ipx(y)dcp' x (y) / ip x (zy 2 dz 

) Jy 

= <p\ (y) V\ (y) / <p\ i z ) dz 

Noting 

V\{y)v'\{y) I <p\(zy 2 dz ~ -Xm(y)(a-y) ->• 0, 

Jy J/^-OC J/^-OO 

we see 

f 2 f a _ 2 f a 2 f a _ 2 

~ A / <P\{y) dm(y) l ip\(z) dz = log (p\ (a) - / <£ A (y) dW pa (*0 ck 

J -co Jy J — oo «/y 

< log</?A(a), 
which completes the proof. □ 

As the last lemma in this section we have 

Lemma 7. The following two estimates hold. 

(1) For any function (f> satisfying (S.l) it holds that 



° f f \ 

p(t)<p(t)e xt dt> / (f>(M(x)<p\(x) )<p\(x) dx 

J —OO 

(2) For any function 4> satisfying (S.l), (S.2) it holds that 

°p(ty (t) e xt dt < C+J (m(x) A P°&V*W ) ) vx (a; )- 2 dx 



/a \ /*oo 

<t>(M{x))vx{xy 2 dx + C^^— / <f>(t)e xt dt, 

Proof. All we have to show is an estimate of the integral 

' \ 0g ip X (x) \ 2 , 

— — I (f X (x) dx. 

Noting the monotonicity of tpx {x) , <p'\ (x) and ip\ (x) > 1, we see 

lj{^^)^x(xy 2 dx 

VA( % ( l °z z ) i dz 

<px(a) \ ~ X J Z 2 ip' x (ipy (z)) 

1 r x{l) , /logz\ dz -X f°° , . . xt , 

</Wa (<P\(a)))J Vx (a) V - A / z2 <P\WJo 



a 
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4. Continuity of the correspondence from S to £ 

In this section we give a partial converse of Theorem [51 The lemma below will 
be useful later. 

Lemma 8. Let m n G £ and o~ n be its spectral function. Suppose 

(4.1) lim M„ (/„) = 

holds. Then a n (£) — > /or any £ > 0. 

Proof. Since M„ (£„) < oo, we have l n < oo. Set m„ (a;) = m n (a; + Z„) . Then 

(4.2) M„ (0) -*■ 

and its spectral measure coincides with o~ n . Since the condition (J4.2I) implies 

~ , , ( for i<0 

m n (x) — > <, r „ 

w \ oo for a; > 

in £, Theorem [5] shows a n — > 0. D 

Theorem 3. Let m n € £ anrf er„ oe zis spectral function satisfying 

/•CXD 

p„(i) = / e~*^d<7„ (£) < oo for any t > 
Jo 

and 

(4.3) sup / p n (t)cf)(t)dt < oo 

n>l Jo 

for a function (f> satisfying (5.1). Assume there exists a non-trivial measure a on 
[0, oo) satisfying 

°n (0 -> O (0 

at every point of continuity of a. Then 

lim p n (t) = p(t), hm M„ (Z„) > 

ftoW. Choose c such that 

< c < lim M„ (/„) 

n— >oo 

and define a n by the solution M n (a n ) = c. Then there exists a unique m G £^ c ' 
with spectral measure a and it holds that m n (• + a n ) — s> m in £, hence a G S. 

Proof. For any e > and any iV > 

p n (t)cb(t)dt = / 0(t)eft / e-^da n {0 > e f ' N / e~ 2 ^da n (£) / 0(t)dt 

JO JO J N Jo 

holds, and the condition (J4.3I) implies that there exists a constant C e such that 



/•OO 

/ e~ 2 ^da n (£) < e 

JJV 



In " " ^(j>{t)dt 

is valid for any n, iV, which yields 

/"OO 

(4.4) Pn(t)~> P (t)= e-*«aV(0 

Jo 

as in- oo. Applying (J3.3I) to </> (i) e A * for A < shows 

E\ 

'-oo x JO 



< e~ eN C, 



(<t> (X n (x)) e xx ^ dx= f p n (t)e xt 0(t)dt 



nl nOQ 

< p n {t)e M <f>(t)dt+p n {l) e xt (f){t)dt<C 
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with a constant C, where X n (x) is defined by the eigenvalues {fj,j (a;)} 7>1 corre- 
sponding to m n . Since we assume the limiting spectral measure a is non-trivial, 
Lemma [8] shows 

lim M n (l n ) > 0. 

n— >oo 

For c such that 

< c < lim Mr,. {l n ) 

n— >oo 

define a n by the solution M n (a n ) = c and set 

fh n (x) = m„ (x + a„) . 
Then fh n G £'°' and an inequality (1) of Lemma [7] implies 

£ («£ (X„ (x)) e AX "(-)) dx > f " ^ (x)~ 2 4 (M„ (x) ^ n) (x)~ 2 ) dx, 
and from Lemma [T] we have 



^ ( x y 2 (m„ (a:) ^ n) (x)- 2 ) dx > / e 2XM ^ x U (m„ (x) e 2AM -^) dx 

J — OO ^ 

> / e 2Ac (M„ (x) e 2 

Thus 

e 2Ac c/> (M n (x) e 2Ac ) dx < C 



is valid for any n > 1. Therefore, for any x < 

/•0 



e 2Ac 



c (-x) (M„ (x) e 2Ac ) < / e 2Ac </> (M„ (y) e 2Ac ) dy < C 



which implies that {rh n } n>1 has a convergent subsequence in the sense of the 
convergence in £ , namely the convergence under the conditions (A), (B). Since 
we have proved (|4.4[) . the uniqueness of the spectral measure in £(°> and Theorem 
Incomplete the proof. □ 

Corollary 1. Suppose a measure a on [0, oo) satisfies 

p(t)<p(t)dt < oo 



with a function <f> on [0,1] satisfying (S.l). Then, there exists an m e £ with 
spectral measure a in S. 

Proof. Define o~ n by 

„ ( t\ _ / a (£) for £ < n 
an ^>- \ a (n) for £>n " 

Then this a n satisfies all the conditions of Theorem [31 Applying the theorem we 
easily obtain the corollary. □ 

This corollary provides a plenty of spectral measures in S growing faster than 
any power order at oo. 



and 
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5. Continuity of the correspondence between 8^ and S^ 

In this section we give a necessary and sufficient condition for the continuity of 
the correspondence by restricting the order of growth of spectral measures at oo. 
We call (f> to be a scale function if it satisfies the conditions (S.l), (S.2), (S.3). For 
a scale function <fi set 

£^ = \ m e £ ; / (f> ( M ( x )) dx < oo for 3a 6 (l-,l+) > , 

S* = Lj; J £(£Mde)<ooj, 

where 

?(0 = / e~^(t)dt. 

Jo 
It is easy to see that 

/>oo />1 

/ (£) u (d£) < oo ^=^ / p(t)<j> (t) dt < oo. 
J\ Jo 

Moreover, from the properties of scales, it is always valid that for creSj, 

/oo 

for an a > 1. On the other hand, if m G £^, (2) of Lemma [7] yields 

/■oo />a \ />oo 

/ p(^(()AKCJ ^{M{x)) Vx {xy 2 dx + C^^-- <j>{t)e xt dt 

JO J-oo <P\\ a )Jo 

/a \ /"oo 

</> (M(x)) dx + C^^-- / <t> (t) e xt dt. 
-oo VxWJo 

Therefore it holds that 

/•oo 

p(t)cj)(t)e xt dt < oo, 



/o 

which shows a £ S^. Conversely assume a G S^. Then 

/>1 />OG 

p{t)(j>(t)e xt dt= / p(t)(f>(t)e xt dt+ / p{t)4>{t)e xt dt 
[i Jo Ji 

l 

At. 



< / P(t)4>(t)dt + p(l) cj) (t) e At dt <oo 
for any A < 0. Therefore 

(/> ( M(x)(f\ (x) ~)tp\(x) ~ dx < oo 

holds. Since cj> satisfies the condition (S.3) 

(M(x)(fx (x)- 2 ^j > G_ (y x {x)-' 2 ) 4> (M(x)) 

holds. Due to 

VX (x)~ 2 > e 2XM ^ 
and M(x) — > as x — > — oo, we easily see 

4>(M(x))dx < oo, 

which implies m S £^. Therefore, a string belongs to £^ if and only if its spectral 
measure is an element of S<f, . 

For cj) let m n , m be strings of £0 and define the convergence of m n to m in £^ by 
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(C) lim sup / (f>{M n (y))dy = 0, 

in addition to the condition (A). The convergence of spectral measures in S,/, is 
defined by 

(A 1 ) o~ n (£) — > a (£) at every point of continuity of a. 



(C) lim sup / (0 a n (d$) = 0. 

An equivalent statement is possible by p(t) . 
(A") p n (t) -> p (i) for any t > 0. 

(C") lim sup / p„ (t) (i) dt = 0. 



£i c) =^n^ c ). 



e i0 „>! Jq 

Set 



Theorem 4. Let {&n} n >i ,& &e elements of S^ and m n ,m S £i 6e i/ie strings 

corresponding to o~ n , a respectively. Then, m n —> m in £.? if and only if a n — > a 
in S$. 

(c) rri 

Proof Suppose m n —tmin.£\. Then, Theorem [2] shows the validity of the condi- 
tion (A'). Therefore we have only to check the condition (C"). From (2) of Lemma 

m 

/0 \ /-oo 

<P (M n (x)) <p<£> (x)- 2 dx + C c ^^-- l / (t) e xt dt 
-oo lf\ ' (0)JO 

is valid. Fix e > and choose a < such that 

Cp cf> (M n (x)) dx < e 



for any n > 1. Since M n (x), ip^ (x) converge to M(x), <p\ (x) uniformly on (-co, 0] 
and the estimate 

<^ n) (0) > l-AM n (0) = 1-Ac 
show that if —A is sufficiently large, then 

Cj ${M n {x))^ ] {xy 2 dx<e 

J a 

is valid for any n > 1. Moreover, due to c > 

lim m„(0) > rn(O-) > 



holds, hence 



\ r°° 1 



also holds for any n > 1 if we choose sufficiently large —A, which implies 

POO 

sup / Pn(t)<p(t)e xt dt< 3e. 

n>l Jo 

From 

/•— l/A />oo 

/ p n (t)(f> (t) dt < e p n (t)4>{t)e xt dt<iee 

Jo Jo 
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the condition (C") is confirmed. Conversely assume o~ n — > a in 5^. Then Theorem 
[3] shows the condition (A) holds. Hence we have only to check the condition (C). 
From (1) of Lemma [7] 

p n (t)<P (t) e xt dt > f (M n (x)ip{ n) (xy 2 ) <pV> ( X y 2 dx 

J-oo K ' 

follows. The property (S.3) implies 

<t> (M n (x) V { x n) Or)" 2 ) > C_ (^ n) (xy 2 ) <j>(M n (x)) 

and, as was pointed out in the proof of Theorem [3J <p? (x) — > 1 as x —¥ — oo 
uniformly with respect to n. Therefore, the condition (C") guarantees the condition 

(C). D 

The last theorem can be restated as the convergence in £$. 

Theorem 5. Let {c n } rl>1 ,cr be elements of S^ and m n ,m £ £</, be the strings 
corresponding to o~ n , a respectively. Assume o~ n — > a in S<f, and a is non-trivial. 
Then, there exist a sequence {o„} n>1 in R and c > with m n (• + a n ) G of , and 

m n (• + a n ) ^ m 

holds in £</,. 

Proof. Since a is non-trivial, we can apply Lemma |3J The rest of the proof is clear 
from Theorem 21 □ 

For applications it will be helpful to rewrite the condition (C) as Kasahara- 
Watanabe did in @]. 

Lemma 9. Assume 4> satisfies (S.l). Then a sequence {i r n n } n>1 converges to m 
in £</,, if and only if {mn} >, and m satisfy the condition below. 
(D) For any x G R 

<f>(M n (y))dy^ J <f>(M(y))dy. 

D J —oo 

Similarly the set of conditions (A') and (C) is equivalent to (D 1 ), and that of (A") 
and (C") is equivalent to (D"). 
(£>') For any A < 

/•OO /*oo 

?(e-A)tr n (de)-> / ^(e-A)(r(do- 

o Jo 

(D") For any A < 

/>OC />00 

/ p n {t)4>{t)e tx dt^ I p(t)<p(t)e tx dt. 
Jo Jo 

Proof. Assume m n — >• m in £$, Then, (C) implies that there exists c < Z such that 

<t>{M n {y))dy<l, 

J — OO 

hence for any x < c 

0(M„(x))(c-x)< [ <f>(M n (y))dy< f cf>{M n {y))dy < 1, 

Jx J —oo 

which shows 

M„(x) < 0- 1 
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for any n > 1 and x < c. Then it is easy to see that M n [x) — >■ M(x) at every point 
x, and this together with (C) implies (D). Conversely, for any e > 0, choose c < I 
such that 

f 4>(M(y))dy<e. 

J — oo 

Then, clearly (C) follows from (D). The condition (.A) can be derived from (D) by 
the monotonicity of <\> and M n . We omit the proof for (£>') and (-D"). D 

6. Application 

Typical examples of m belonging to £ are 

f C a x-P X > if 0< a < 1 

m a (x) = < e x x e R if a = 1 with /J = - 

[ C« (-x)~ x < if a > 1. " 

and the spectral measures and p(i) are 



where 

1 — a 



0< a < 1 



a - 1 , 

1 < a 



In this section we consider the asymptotic behavior of the spectral measures and 
the transition probability densities when strings are close to the above typical ones. 
If a E (0, 2) , the following results are already known. Here we denote 

/ (x) ~ g (x) as x f 0, (x — > oo) 

h m m=i, fi im m=i 



afO g (x) yx->oo g (x) 

hold respectively. Let ip be a function regularly varying at with exponent a — 1. 

Theorem 6. (_ftTasa/iara[l , Kasahara- Watanabe[4 ) TTie following asymptotic rela- 
tionship between m and p is valid. 
(1) I/a€ (0,1), then 



holds if and only if 



(-Pf 

mix) ~ . . . as x t oo 

xtp -1 (x) 



a 2a i /r 



(2) 7/a e (1,2), iften 



m(x) ~ — 7— r as x t 

— X(y3 - 1 - ( — X) 



ZioZds z/ and on/y z/ 



a 2a 1 /r 
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They showed an analogous result in case a = 1 in Kasahara-Watanabe[I]. In this 
section we extend their results to the case a > 2 by applying Theorem |U The basic 
idea, which was first employed by Kasahara^, is to use the continuity between m 
and p and the scaling relationship 

(6.1) abmiax) <H- — -p ib~ l t) 

ab 

for any a, b > 0. The proof proceeds just like Kasahara-Watanabe[3], especially the 
case a = 1. 

Let m € £ be a non-decreasing function with I = 0, namely 

mix) < oo on (— oo,0) and m(x) — oo on (0, oo) . 

Let v? be a regularly varying function at with exponent a — 1 and set 

m v (x) — vip^ 1 (y) miyx). 

Then from (|6.ip we have 

{M v (x) = ^ 0) M (i/*) 
p v (t) = i/-V- 1 W" 1 p(^- 1 M" 1 *) • 

To consider an extension of Theorem we introduce conditions on m and a ; 

(6.3) mix) ~ r— as xtO. 

— x<y9 _i (— x) 

which means 

(6.4) M(x) ~ / as x 1 0, 

(p-i)v M-*) 

and 

/•OO 

(6.5) p (t) = / e-* ? dcr (0 < oo for any i > 0. 

Jo 

Proposition 1. If m € £ satisfies (|6.3p . f/ien it Zio/ds i/iai 

(6.6) er(0~ _. i aa °' . 2 r as a 0. 

r(l + a) 

Moreover, if m satisfies (|6.5[) as zwe/Z, t/ien (|6.7[) below holds. 

a 2a i /r 

r(i + a )t^U, 

Proof. Since 

M„ (x) = \ ra v (y) dy = I/?" 1 (z/) Af (z/x) 

holds, from (16.41) we know 



, N . , a 2Q 1/1. 

(6.7) P(t) ~ — r-JJ I — I (B t^oo 



a/3 

M v (x) -> -£— (-x) 1 ~' 3 as i/ -> 

for any x < 0, which means that {M„} satisfies the condition (B). Applying Theo- 
rem [5] yields 

a 2a 

a " (0 -*" ^7; ^° for any f > 

r(l + a) 

as v — > 0, which is equivalent to (|6.6p due to (J6.2I) . If we assume the condition 

(|6.5[) as well on ct, the Abelian theorem for Laplace transform shows the property 

HO I. D 



KREIN'S STRINGS WHOSE SPECTRAL FUNCTIONS ARE OF POLYNOMIAL GROWTH 19 

To obtain a converse statement to the above proposition we need 
Lemma 10. Assume a E S satisfies the condition (|6.5p and a condition 

(6.8) / p{t)4>{t)dt < oo 

Jo 

for a positive function <fi on [0, 1] satisfying 

(6.9) cj> (st) < Ct k (j) (s) for any s, t < 1 for some k > a - 1. 
Then {p u (t)} satisfies the condition (28), namely 

(6.10) sup/ p v (t)4>(t)dt<oo. 

u>OJo 

Proof. Since ip is a regularly varying lunction at with exponent a — 1, i -1 ^ (i ) 
is regularly varying at oo with exponent —a, and there exists a slowly varying 
function l(t) such that 

M*) asrm 

Generally a slowly varying function J(t) has an expression 

(6.11) l(t)=c(t)exp( f ^-du 

with a positive constant a and functions c(i) , e (i) behaving as 

c{t) — >■ c > 0, e (i) — >• as t — > oo. 
Now we decompose the integral in (J6.10I) into two parts: 

/ p v (t) <j) (t) dt = v' 1 ^ 1 {vY 1 J p (V 1 (isy 1 i) dp (t) dt = h+ I 2 
with 

h = y-\- Y (vY 1 t Nv -, {v) p (V M _1 1) <j> (*) dt, 
h = v- V" 1 M" 1 / W "" 1(,,) p (V 1 iyT 1 1) <f> (t) dt, 

where JV is chosen so that 

|e (u)\ < 5 for any u > N 
holds with a positive 5 satisfying 6 < k — (a — 1) . Since the condition (|6.7p implies 

Q <• V i < Ql 

if- 1 (v) a t-"l Up' 1 {v)~ X t) ~ 
for any t > Nip^ 1 (v) with some constant C , we have 

/ n r 1 * (V -1 w 1 *) 

h < C'v- 1 ^- 1 ( v y 1+a I U- 1 (is)- 1 ) / r a A J ^ (i) dt . 



^ ( V y 1+a I (ip' 1 (vy 1 ) = v- 1 ^ 1 ( V y 1+a p" 1 (v) 1 -* <p (yT 1 (v)) = 1, 



First note 
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and the (joTTTj) shows for t > Ntp^ 1 {v) 

I (v- 1 M _1 t) ( r ~Hu)-H £ {u) p-H")- 1 e {u ) > 

— 7 r— = cxp / aw — / du 

li^-^v)- 1 } \Ja U J a U J 

= exp — / du I 

^exp^logi" 1 ) ^i" 5 . 
In (|Q|) setting s = 1, we have <j> (t) < C <j> (1) t k , hence 



h<C t- a t-"(f) (t) dt < CC'cj) (1) / t- a -" +k dt 

JNtp- x {v) 

is valid. Due to (I6.9p -Z2 can be estimated as 

/.AT 

h = v~ 1 \ p (s) (ft (ip^ 1 (u) s) ds 



Jo 

r N 
< Cv' 1 (<p~ l (i/))* / p(s)0(s)ds<C'V^ 1+ ^T- A " 

JO 


f N 

/ p(s)«^(s)ds, 

Jo 


where <5' > can be chosen so that 




i + k , J' > 

a — 1 




holds. Consequently we have 




/ p v (t)4>(t)dt<cc'(j){i) [ r a - 5+k dt + c"v- l+ ^- 

Jo Jo 


/ p{s)4>{s)ds 
Jo 



and (|6.8[) implies the second assertion of (|6.10[) . D 

Remark 1. The property (J6.9I) are satisfied not only by (ft (t) — t with k > a — 1 
but also by subexponential functions: for p > 1, c > 

0(f) = exp (-c(-logif). 

Within the knowledge of the previous sections the best converse statement to 
Proposition [1] is as follows. 

Proposition 2. Let m £ £ be a non- decreasing function with I = and M (0) = oo. 
Assume a £ S satisfies the conditions (|6.5p and (|6.8p with a positive function (ft on 
[0, 1] satisfying (S.l) and (|6.9[) . TTien i/ie property (|6.6p (equivalently (|6.7p l implies 

MM. 



Proof. First note (|6.6p is equivalent to 



a 2 " 



CT " (0 -► T77; ^C a for any £ > 0, 

r(l + a) 

as ^ — >• 0. Since we are assuming M (0) = oo, 

M„(0) = (p- 1 (u)M(0) = oo 

holds for any v > 0, and there exists uniquely a„ < such that 

M v (a„) = -^ = c. 

Set 

M v (x) = M v {x + a v + l). 
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Then, taking —1 instead of as a normalization point, Lemma [TU1 makes it possible 
to apply Theorem [3] and we have 

c (—a;) for x < 



[ oo for x > 

holds in £ as v — > 0, from which 

(6.12) ^(,)M(,(, + a , + l))^{^)^ £-<° 

follows. To simplify the involved formula (I6.12[) we take their inverse. Set 

u = M{v(x + a u + l)), \ = c^ l (vy 1 . 
Since ip~ l (v) M (va v ) — c, we easily see 

tp (cX- 1 ) (x + 1) + M~ l (A) = M~ l («) . 
Denoting y = A _1 w, (|6.12p is equivalent to 

y^i-x) 1 -?, 

from which 

JtMM^ = g+1 - >1 - ff -M 

y>(cA l ) 
follows for any y > as A — > oo. Since </? is regularly varying at with exponent 
a — 1, 

- V x _. j ->■ c"' 1 = {a- ly 1 a" asA^oo. 
p(A l ) 

and 

(6.13) hm M-MAx)-M-i(A) = _ r qQ / _ ^^ 

A^oo (^(A -1 ) V / 

follow. Then Lemma [TT] below shows (16.31). □ 



Lemma 11. (|6.13|) implies 

Proof. Assume (|6.13[) . Since M^ 1 (x) has a monotone density 

the monotone density theorem implies 

& ( M --w-y--w y = ((a . ir ^ (l _,-,-, : 

which is 

lim 



a^co( / 9(A- 1 )to(M- 1 (A.t)) 
Setting x = 1 and u = M _1 (A) , we have 

,. M(u) a 

l lm — 7TT7~\ — T\ TT = a ■ 

«->o tp (M (u) _i ) m (u) 

For any e > there exists 6 > such that for any u E (—6,0) 

_ a <p(M(u)- l )m{u) _ 

a - e < — - — — -{ < a a +e 

M(u) 

are valid. Noting m (u) — M(u)', we see 

(or" - e) {-x) < l ^^j ^ dM (u) < (a~ a + e) (-*) 
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for any x G (—5, 0) , hence 

Since </? (z) /z is a regularly varying function at with exponent a — 2, 

io z a — 1 

is valid, which implies 

a- 1 
hence 



a Q (-#) as a; t 0, 



M(x) ~ -£—- cp~ l (-a?) as a: t0. 
P r 

This is equivalent to (|6.3p . D 

In the above two propositions we stated the conditions which should be satisfied 
by m £ £ in terms of its spectral function a. It may be preferable to describe 
the result by m itself directly. To do so, unfortunately we have to impose a more 
restrictive condition on to, and combining Proposition [1] and Proposition [2] we have 

Theorem 7. Let a > 2, k > a — 1 and ip is a regularly varying function at with 
exponent a — I. Let m 6 £ be a non- decreasing function with I = and M (0) = oo. 

Assume m satisfies 

-l 

M(x) k dx < oo. 

J — oo 

Then, the property 

a 2a 1 /1\ 

p(t) ~f(TT^)^UJ " *~*°° 

Zio/rfs £/ and onfo/ i/ t/ie asymptotics below is valid. 

m{X) ~ r-; r as X f 0. 

— a;^ -1 (— x) 

Proof. The proof is immediate from the above two propositions if we observe <j> (t) = 
t k satisfies all the requirements needed in Proposition [5] □ 

Acknowledgement. The author would like to express his hearty thanks to Pro- 
fessor Y.Kasahara who allowed him to read a preprint, which was very helpful in 
the course of proving Proposition^ and Lemma \TT\ 
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